Abstract. In this paper, we have introduced a generalised Kannan type contraction. It has been established that such mappings necessarily have fixed points in a complete partially ordered metric space. The fixed point is unique under some additional conditions. The result is illustrated with an example. The work is in the line of research in fixed point theory on ordered metric structures.
Introduction and mathematical preliminaries
In recent times, fixed point theory has developed rapidly in partially ordered metric spaces; that is, metric spaces endowed with a partial ordering. An early result in this direction was established by Turinici in ordered metrizable uniform spaces [25] . Several other more recent works in this area are noted in [1, 10-12, 17, 18, 20-22, 26] . Fixed point problems have also been considered in partially ordered cone metric spaces [3] , in partially ordered G-metric spaces [4] and in partially ordered probabilistic metric spaces [7] .
Geraghty [8] introduced an extension of the Banach contraction mapping principle in which the contractive constant was replaced by a function having some specified properties. The method applied by Geraghty was utilized to obtain further new fixed point results works like [2] , [6] and [19] .
In this paper, following the idea of Geraghty [9] , we introduce a generalisation of Kannan type mappings in partially ordered metric spaces and show that these mappings have fixed points if the space is complete. The uniqueness of the fixed point is proved under the assumption of some additional condition. The results are illustrated with an example.
Kannan type mappings are a class of contractive mappings which are different from Banach contraction and have unique fixed points in complete metric spaces. However, unlike the Banach condition, there exist discontinu-ous functions satisfying the definition of Kannan type mappings. Following their appearance in [14, 15] , many persons created contractive conditions not requiring continuity of the mappings and established fixed points results of such mappings. Today, this line of research has a vast literature. Another reason for the importance of Kannan type mappings is that it characterizes completeness, which the Banach contraction principle does not. It has been shown in [23, 24] that the necessary existence of fixed points for Kannan type mappings implies that the corresponding metric space is complete. The same is not true with the Banach contractions. There is an example of an incomplete metric space where every contraction has a fixed point [8] . Kannan type mappings, its generalizations and extensions in various space have been considered in a large number of works some of which are in [5, 13, 16] .
Let (X, ) be a partially ordered set. A mapping T : X −→ X is said to be non-decreasing if for all
) is a metric space, is called a Kannan type mapping if there exists 0 < λ < 1 such that, for all x, y ∈ X, the following inequality holds:
Let S is the class of functions β :
With the help of the above class of functions, Geraghty [9] had established a generalisation of the Banach contraction principle.
A. Amini-Harandi and H. Emami [2] have shown that the result which Geraghty had been proved in [9] is also valid in complete partially ordered metric spaces. The following is the result of A. Amini-Harandi and H. Emami.
Let (X, ) be a partially ordered set and suppose that there exists a metric d in X such that (X, d) is a complete metric space. Let T : X → X be a nondecreasing mapping such that
for x, y ∈ X with x y, where β ∈ S. Assume that either T is continuous or X satisfies the following condition:
if {x n } is a non decreasing sequence in X such that x n → x, then x n x ∀n ∈ N .
Besides, suppose that for each x, y ∈ X there exists z ∈ X which is comparable to x and y. If there exists x 0 ∈ X with x 0 T x 0 , then T has a unique fixed point.
The essential feature of this generalisation is that the contraction constant has been replaced by a function β belonging to the class S. A further extension of the above result has been done in [6] .
Main results
Theorem 2.1. Let (X, ) be a partially ordered set and suppose there is a metric d on X such that (X, d) is a complete metric space. Let f : X → X be a non-decreasing mapping such that
for all x, y ∈ X such that x and y are comparable. Also suppose that either (a) f is continuous or (b) X has the property, if a non-decreasing sequence {x n } → x, then x n x for all n ≥ 0.
If there exists x 0 ∈ X, such that x 0 f (x 0 ), then f has a fixed point in X.
Proof. Let x 0 ∈ X be the same as that in the statement of the theorem.
Since f is a non decreasing function, we have
If for some m, x m = x m+1 then x m is a fixed point of f. Hence we assume that,
By (2.3) we see that, for all n ≥ 1, x n and x n−1 are comparable elements. Putting x = x n−1 and y = x n in (2.1) and using (2.2), for all n ≥ 1, we have
Then, for all n ≥ 1,
From (2.6), it follows that the sequence {d(x n+1 , x n )} is a monotone decreasing sequence of non-negative real numbers and consequently there exists r ≥ 0 such that
If possible, let r > 0. From (2.4) and (2.5), for all n ≥ 1,
Taking the limit as n → ∞, and using (2.7), we obtain
Since β ∈ S, the above limit implies that
which contradicts our assumption that r > 0. Hence
Next, we show that {x n } is a Cauchy sequence. If possible, let {x n } be not a Cauchy sequence. Then there exists > 0 for which we can find sequences of natural numbers {m(k)} and {n(k)} such that for every natural number k, n(k) > m(k) > k and
For each k > 0, corresponding to m(k), we can choose n(k) to be the smallest integer such that (2.9) is satisfied. Then, for all k ≥ 1,
Thus, for all k ≥ 1, we have,
Taking k → ∞ in the above inequality, and by (2.8), we obtain
By (2.3), x m(k)−1 and x n(k)−1 are comparable. Putting x = x m(k)−1 and y = x n(k)−1 in (2.1), using (2.2) and (2.9), for all k ≥ 1, we have
Taking k → ∞ and using (2.8), we obtain
This is a contradiction with > 0.
Thus it follows that {x n } is a Cauchy sequence and hence is convergent in a complete metric space (X, d).
Let
Let (a) hold, that is, f be continuous. From (2.2) and (2.12) we have z = lim n→∞ x n = lim n→∞ f (x n−1 ) = f (lim n→∞ x n−1 ) = f (z). Next we assume that (b) holds. By (2.3) and (2.12), we have that {x n } is a nondecreasing sequence in X with x n → z. Then (b) implies that, for all n ≥ 0,
In view of (2.13), substituting x = z and y = x n in (2.1), we get
Taking n → ∞, using (2.8) and (2.12), we obtain d(z, f z) ≤ 1 2 d(z, f z), which implies that d(z, f z) = 0, that is z = f (z). Thus we have proved that f has a fixed point in X. Theorem 2.2. In Theorem 2.1, if it is additionally assumed that for any y, z ∈ X there exists w ∈ X which is comparable to y and z and is such that w f w, then the fixed point in Theorem 2.1 is unique.
Proof. To obtain the uniqueness of the fixed point of f , we suppose there exist z, y ∈ X which are fixed points. We consider two cases: Case 1: Let y and z be comparable. Then, by (2.2), for all n ≥ 1, f n (y) = y is comparable to f n (z) = z and hence by (2.1),
Hence y = z. Case 2: If y and z are not comparable, then there exists w ∈ X which is comparable to y and z.
Since f is nondecreasing, f n (w) is comparable to both f n (y) = y and f n (z) = z. From (2.1), for all n ≥ 1,
Also, from (2.1), for all n ≥ 1,
Then, from the above two inequalities,
By the hypothesis of the theorem, w f w. Then, by Theorem 2.1, f n w → p where p is a fixed point of f. Hence d(f n−1 w, f n w) → 0 as n → ∞. Hence, taking n → ∞ in the above inequality, we have d(y, z) ≤ 0 that is z = y. This completes the proof of Theorem 2.1.
Example 2.1. Let X = [0, 1], with "x y", whenever "x ≤ y" be a partially ordered set. Let d be the usual metric on X. Then (X, d) is a complete metric space with a partial ordered.
We define f : X → X as f x = 0 if 0 ≤ x ≤ 1/2, In view of the definition of the function f, we need to consider only the case when x ∈ [0, 2 .
Since in this case Remark. If in particular, we consider the function β(t) = λ, 0 < λ < 1, then the inequality (2.1) reduces to (1.1) and then Theorem 2.1 is the Kannan's fixed point result in partially ordered metric spaces.
